simple cases and observed that (a) the factorial compo-

nents control the rate of convergence, and (b) at reduced

temperatures as low as unity, twenty terms reduce sum-

ming error to at least three orders of magnitude less than

the smallest errors in thermodynamic measurements and

derived data. With this guidance, a criterion for selection
N

of j can be adopted, that is,
N
201 < | i~ 2 %] 1 H (nl) (10)

i=2 i=2

The minimum value of § is realized when the difference
across the inequality of Equation (10) is a minimum. "This
condition is attained with equal factorial terms, such that
Equation (10) becemes

{( ""I'\;")!}N—zobe*‘ (11)

By using an approximation for the factorial, { is found to
have values such as 25 for N = 2 and 29 for N = 3. For
cases involving two and three attractive terms, Equation
(11) generates values for j that produced acceptable con-
vergence. Values of the second virial coefficient for meth-
ane at 200°K. were predicted by both the algorithm and
direct integral solution. Results agreed to better than one
part in one thousand. Table 1 is an illustration of the
effect of a second attractive term taken from these pre-
dictions. Further, the limit case of N = 1 (ax/k = 0)
was checked against the method of Hirschfelder, et al. (3),
with agreement observed to five significant figures. For
the latter, an ¢/k and o of 147.3°K. and 3.837 A., re-
spectively, are equivalent to the d/k and a,/k of Table 1.

TaBLE 1. SECOND VIRIAL COEFFICIENT OF METHANE

T = 200° K. B = — 102.8 cc./g.-mole (4)
d/k = 6.00 x 10° °K., A12 d =12
ai/k = 1.88 x 108 °K., AS a; = 6, a3 = 8
ax/k (°K., A8) B (cc./g.-mole)

0 — 103.9
1.33 x 10¢ —104.1
1.33 x 105 —105.1
1.33 x 106 — 1155

The advantage of this algorithm is reduction in com-
puter time. Direct evaluation of the cluster integral is
time consuming because of the large number of terms re-
quired to insure convergence of the exponential approxi-
mation in the repulsive region, and the large number of
intervals that must be taken in the attractive tail. For the
simple case of N = 2, time on an IBM 7040 is reduced
by 50 to 909 with apphcation of Equation (9). Benefits
diminish as N increases. The number of terms necessary
to a single solution of the cluster integral can be ex-

pressed in terms of fmin:

(jmin)N

At an N of five, which represents a reasonable limit on
desirable expansions of the Lennard-Jones potential,
about one third million terms are indicated. This is com-
parable in magnitude to the terms accumulated in direct
cluster integral evaluation with repetitive Maclaurin series
calculation of the exponential component, Thus, the al-
gorithm appears to apply over the range of practical in-
terest in expanded Lennard-Jones potentials.

NOTATION

a == coeflicient of attractive term

B = second virial coefficient

b = coefficient of reduced attractive term
d = coefficient of repulsive term

fmin = minimum number of terms per series
k = Boltzmann constant

N = pumber of attractive terms

r = intermolecular separation

Sg = total terms in multiple series solution
T = absolute temperature

x = reduced repulsive contribution

y = reduced attractive contribution

Greek Letters

a = exponent of attractive term

8 = exponent of repulsive term

et = positive infinitesimal

v = exponent in multinomial expansion
¢ = intermolecular potential

Subscripts

c = calculated

e = experimental

8 = index of attractive term

i = index of exponential expansion
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Operational Methods for a Convective Diffusion Equation

The purpose of this paper is to present an alternative
operational method of solution for a convective diffusion
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equation of the type considered by Gidaspow (I).

Consideration will first be given to the development of
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a generalized finite integral transform which can then be
specialized to handle a variety of problems. The starting
point for the analysis is the ordinary differential equation

axd?y/dz? + aydy/dz + Ny =0 (1)

with the boundary conditions
asy(a) — aydy (a) /dz = 0 (2)
biy(b) — bady(b) /dz = 0 (3)

where ay, ag, A2, a1, az, by and by are constants to be speci-
fied or determined. The general solution to Equation (1)
is easily determined as

§(2) = cien + cpon (4)
where
—ay = (a2 — 4a\2) %
= 5
912 2o (5)
The constants ¢; and ¢, are determined by substitution of
Equation (4) in the boundary conditions, Equations (2)
and (3) which gives

a15C1 + @162 = 0 (6)
2101 + G995 = 0 (7)

where a1, @12, @z; and ayy are defined in the section on
notation. Equations (6) and (7) will have nontrivial solu-
tions only it

G112 — 2021 = 0 (8)
which determines the permissible values (eigenvalues) for

A The solution to Equation (1) in terms of the arbitrary
constant ¢y is therefore

y(z) = ¢ ( e‘hz—fie‘m) (9)

a1y

Since Equation (1) can be written as a Sturm-Liouville
equation

——— (ar/agdz 2/ (o1/02)2 4y —
. e o + (A%/ay)e y=0

the y(z) given by Equation (9) are orthogonal with re-
spect to the weighting function

(1/ag) etoatans

and we can consider an infinite series expansion of an arbi-
trary function f(z) in terms of the y(z)

o0
F2) = 3 o (e —
n=1

Q12

elm? ) (10)

where qun and g, are given by Equation (5) for a par-
ticular eigenvalue, A, given by Equation (8). The ¢, of
Equation (10) are obtained through the orthogonality
mentioned previously and therefore a finite transform,

f(An), of f(z) can be defined as

— b a
fix) = j: f(z)elevanz ( eQan____ll_eQQ,Lz) dz (11)
2

a;
with the inverse

— ) an
f(kn) e — . plam?

a2

b 2
a
o A’; elon/az)z { edmnm? ..._1.1."_ e9:m? } dz

a2

V8

f(z) = 2
n=1

(12)
The transform pair, Equations (11) and (12), serves
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as the starting point for the solution of the multidimen-
sional convective diffusion equation:
oT /ot = 6°T/ax? + 62T /oy? +
02T /922 — Npe aT/0z + f(x, 4,2, £)  (13)
For the Dirichlet problem in which the temperature
T(x, y, z, t) is specified at the boundaries, we take a; =
b; = 1 and a» = b, = 0 in Equations (2) and (3); the
system boundaries are taken as z = O andz = L so a = 0,
= L. To obtain a transform for the constant-coefficient
partial differential operator 62/92%2 — Np 8/0z, we take
a1 = —Npe, az = 1 in Equation (1). Then Equations (5)
and (8) reduce to
G1.2 = Npe/2 % i(A — N2pg/4) " (14)

g®l — pgail
— eNPgL/z {ei(Az—ngc/‘l)l/l’L__ e—i()\z—N2P¢/4)1/3L} — 0 (15)

Equation (15) has the roots (eigenvalues)
Ny = N2po/d 4+ (nw/L)2, n=1,2,3....

The corresponding eigenfunctions are easily obtained from
Equation (9):
Yn(z) = 2ieNre*/2 sin (Baz) (16)

where 8, = na/L, n = 1, 2, 3 .... . The required trans-
form pair is therefore

L
f(Bn) = F.{f()} = }; f(z)e™Nre2/2 sin(Byz) dz
(17)

e 2 o —
f(2) = Fmt {f(Ba)} = 5 2, Fl)e¥r2sin(gaz)
n=1
(18)
Two additional transform pairs are of particular interest:

F, {6%y/02® — Np, dy/02}
= Ba (y(0) — (—1)ne=Nraizy(L))
- (an -+ N2Pe/4)y(ﬁn) (19)
Bn
NzPe/4 + an
Equations (17) to (20) can now be used to develop the

solution to Equation (13) directly.
Consider for example the auxiliary conditions

Fafl} = {L— (—1)me=Neibi2} (20

T(0,y,2,t) = T(ay, y,2t) =0 (21)
T(x,0,2,t) = T(x,a9z,1t) =0 (22)
T(x,y,0,t) = fo(x, y,t) (23)
T(x,y,1,t) =fi(x, y,t) (24)
T(x,y4,2,0) =g(x,9,2) (25)

If successive transforms of T'(x, y, z, t) with respect to
x, y, and z are defined as [Transformed quantities are now
denoted by their arguments and the bar (~) of Equation
(17) has been dropped.]

T(B,y.2t) = Fo{T(x,4,2,1)} (Npe=0) (26)
T(ﬁl’ ﬁm: z, t) = FU{T(Bb Y, %, t)} (NPG = O) (27)
T(Bu Bm, Bn, t) = FAT(Bi, Bm, %, 1)} (28)

then the application of these three transforms to Equations
(13) and (21) to (24) using Equation (19) gives

dT (Bb :Bma Bn’ t) /dt
+ (B2 + Bm? + B8:2 + N2p/4)T (81 B Brs t)
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= ﬂn{f()(/gl’ ﬁ‘m’ t) - (‘_1)"6—1\]},8/2 fl (ﬂb ﬂm’ t) }
+ f(ﬁl, ﬁm; Bn, t) (29)

If finally a Laplace transform of T (8, B> B, t) is de-
fined as

T(Bls ﬂm: Bm S) = Lt{T(Bl’ ﬂm, Ig‘lh t) (30)

application of this transform to Equations (25) and (29)
gives

T (ﬁb Bm, ﬁm S)

g (,Bla Bm’ ﬂn)
s+ (B + Bnm® + Bn® + N2pe/4)
+ﬁn{f0(ﬁl> BM’ S) — (_l)n g Nre/2 fl(ﬂb Bm: 8)}
s+ (B2 + Bu + Bu® + N2po/4)
(B, Bms Bn, s)
s+ (B2 + Bu® + Bi* + N2pe/4)

T(x, y, z, t) can then easily be obtained by applying to
Equation (31) successive inversions of the transforms de-
fined by Equations (30), (28), (27), and (26). The final

result is quite lengthy so some special cases will be con-
sidered:

Case I:

(31

folx,y,t) = file, y, t) = g(x,4,2) =0
f(% 9,2, 1) = fa(x)fy (y) fo(2) fe(t)
The product function transforms to

F(Bi, Bms Brs 8) = f=(8) fu(Bm)fe(Bn)fe(s)

Inversion of Equation (31) then gives

T(x,y,z¢) =

Q2w
= fy(Bm)e=Bnt=7 sin(Byy)
[ag 1n2=1 ]

n=1

o0
. {2 2 Fo(Bn) €= Bi+ Neve ) c= N e /2 sin(ﬁnz)]

“fi(r) pdr
(32)

The product property of this solution is evident. Also if
the term ¢~ (Nre/D -1+ Nrez/2 §g factored out of the series
in z, the change of variable used by Gidaspow is imme-
diately suggested since the remaining series in z is identi-
cal to the two preceding series in x and y. Clearly from
Equation (31) similar product solutions will result if fo,
fl, and g are product functions.

Case 1I: Case I with fz(x) = 2, fy(y) = 2, f(z) = 2,
f:(t) = 1 which is the nonhomogeneous function consid-
ered by Gidaspow. From Equation (20)

f(8) =4/8, 1=1,3,5....
fo(Bn) = 4/Bm, m=1,35....

___ﬁ'__ —_—  — np—Npe/2
Nt g L (FL)rem T,

(NPe = 0)
(NPe = 0)

fZ(Bn) =

T(x,y,21t) =

25 © ® w ] Bn {1 — (—1)ng—Nre/2})
61=21m=1 ng; Blﬁm ‘N2Pe/4 =+ :an

4182 35 3,5 2.3,

sin (Byx) sin (Bmy ) sin ( Bnz) eNree/2
B2 + Bum® + Ba? + Npo/4
(1— e)*(Bl?"*'ﬂm?'}'ﬁna‘*'Nﬁpe/‘i)t (33)

Note that the eigenvalues in z (or n) are 8, = nw, n =
1,2,3....andnot By = (2n+ Do, n=10,12 ...,
as implied by Gidaspow in his Equations (9) and (10).

Case III: Case I with f,(x) = 8§(x — %),
fuly) = 8y — y), f:(z) = 3z — 7)),
fe(t) = 8(t —¢)
From Equation (17),
fo(B1) = sin(Br’) (Npe=0)
fu(Bm) = sin(Bmy’) (Npe=0)
f=(Bn) = e~ Nrex'/25in(B,2")
and Equation (32) becomes
T(x,y,21¢t) =

9 . . ;
{?‘__ Z e~ A=t sin (B ) sin( Bix)
1
=1

m=1

2 ®»
. [;‘: 2 e—Bun3t—t) Sin(ﬁmy')sin(ﬁmy)}

. [ eNPe/2(z—z')—N'—’Pc/4(;t—-t')
ot .
2 3! €A sin (B )sin(rz)
n=1

which is just the product of the Green’s functions for the
one-dimensional problems in x, y, and z. Again the change
of variable used by Gidaspow is suggested by this solution.

The generalized transform, Equations (11) and (12)
can clearly be applied to the convective diffusion equa-
tion with Neumann or convective (radiation) boundary
conditions which are included in boundary conditions (2)
and (3). The more general parabolic partial differential
equation with constant coefficients considered by Gidas-
pow with the three types of boundary conditions can also
be handled by the generalized transform. In the case of
cylindrical coordinates, a Hankel transform (2) would
also be used.

NOTATION

= 41¢M°% — ayq,e1°

Gy = 018%% — ayqqe™

asy = b;e‘hb bt bg(]]l?qlb

az = bre® — bygae®

B =Iln/a;,1=1,2,3.... (except in Case II)
Bm = ma/a;,m=1,2,3.... (exceptin Case II)
Bn =nmmn=123....
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